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We show that the Euclidean Snyder non-commutative space implies infinitely many different 
physical predictions. The distinct frameworks are specified by generalized uncertainty relations un- 
derlying deformed Heisenberg algebras. Considering the one- dimensional case in the minisuperspace 
arena, the bouncing Universe dynamics of loop quantum cosmology can be recovered. 
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I. INTRODUCTION 

Non-commutative geometries are widely considered as 
plausible candidates for describing physics at the Planck 
scale [l| and have natural connections with string theory 
Q ■ Moreover some of these models can be related to the 
intuitions of doubly special relativity (DSR) Q where 
another invariant scale (apart from the speed of light) 
is introduced ab initio in the theory. Interest in DSR is 
also increased because such a framework can be regarded 
as a semi-classical limit of quantum gravity (see j4| and 
references therein). 

In this paper the Snyder proposal [5( of a non- 
commutative space-time is analyzed from a physical 
point of view. This model can be understood by means of 
the projective geometry approach to the de Sitter space 
of momenta with two universal constants and is relevant 
since it can be related to some of DSR models [|]. Fur- 
thermore, it has some motivations from loop quantum 
gravity Q and two-time physics 

The starting point of our analysis is the require- 
ment that the only deformed commutator in the Eu- 
clidean Snyder framework is one between the coordi- 
nates. This way, the translation group is not deformed 
and the rotational symmetry is preserved. We then 
show that, infinitely many commutators between the 
non-commutative coordinates and momenta are possi- 
ble, such that in all the cases the algebra closes. This 
way, infinitely many different physical predictions of the 
Snyder space are allowed. These are summarized in the 
deformed symplectic geometry and in the generalized un- 
certainty principle at classical and quantum level, re- 
spectively. The physical interesting framework of a de- 
formed quantum cosmology is also analyzed. Here we 
deal with a one-dimensional system and our picture is 
almost uniquely fixed. We show that this framework nat- 
urally leads to the non-singular (bouncing) Friedmann 
dynamics obtained in recent issues of loop quantum cos- 



mology (LQC) @. 

The paper is organized as follows. In Section II the 
algebraic structure of the Euclidean Snyder space is an- 
alyzed. Section III is devoted to discuss the physical im- 
plications of this framework. Concluding remarks follow. 
Over the paper we adopt units such that h = c = 1 . 



II. REALIZATIONS OF SNYDER SPACE 

The algebraic structure of the non-commutative Sny- 
der space is analyzed in this Section. All possible re- 
alizations of this space, the general form of the uncer- 
tainty principle and the required hermiticity conditions 
are showed. The known algebras are then recovered as 
particular cases of our construction. 

Realizations. Let us start by considering a n-dimensio- 
nal non-commutative (deformed) Euclidean space such 
that the commutator between the coordinates has the 
non-trivial structure ■■■} G {1, ••■,«}) 



[Xi, Xj] — K,Mi i 



(1) 



where with ii we refer to the non-commutative coordi- 
nates and k € K is the deformation parameter with di- 
mension of a squared length. We then demand that the 
rotation generators My = —Mji = i(xiPj — XjPi) satisfy 
the ordinary SO(n) algebra 

[Mij , M kl ] = d jk Mit - SikMji - 5jiM ik + 5uM 3k (2) 

and that the translation group is not deformed, i.e. 
[PiiPj] = 0- I n order to preserve the rotational symme- 
try the commutators between My and the coordinates Xi, 
as well as between My and pk, have to be undeformed. 
Therefore, we assume that the relations 



[Mij,Xk] = XiSjk-XjSik, 
[Mij,pk] = PiSjk-PjSik 



(3) 
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hold. This way we deal with the (Euclidean) Snyder 
space Q. The above relations however do not uniquely 
fix the commutators between it and pj. In particular, 
there are infinitely many of such commutators which are 
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all compatible (in the sense that the algebra closes in 
virtue of the Jacobi identities) with the above natural 
requirements. 

This feature can be understood by analyzing the re- 
alizations [l(J El, Ell °f sucn a non-commutative space. 
The concept of realization was developed in a series of pa- 
pers (Tol | (f° r a similar approach in the K-deformed space- 
time see and a related analysis in the context of DSR 
can be found in (H)]). A realization of the Snyder algebra 
([1]) is defined as a rescaling of the non-commutative coor- 
dinates Xi in terms of the ordinary phase space variables 
(Xi,pj). The most general SO(n) covariant realization 
for £i is given by 

iti = Xi<pi{n, v) + n(xjPj)pi(p 2 (n, u), (4) 

where the convention ciibi = J2i a i^i is adopted and tpi 
and tp 2 are two arbitrary finite functions depending on 
the dimensionless quantities /i = up 2 and v — Km 2 . In 
particular, the second quantity accounts for a mass-like 
term m 2 which can be positive, negative or zero. In or- 
der to recover the ordinary Heisenberg algebra, suitable 
boundary conditions on these functions have to be im- 
posed. We have to demand that, in the n — > (/i, v — » 0) 
limit, pi(0,0) = 1. 

The realization above is, of course, not completely ar- 
bitrary since it depends on the adopted algebraic struc- 
ture. In particular, the two functions tpi and tp 2 are 
constrained by the relations ([I]) and ([3]). Inserting the 
formula ([4]) into the non-commutative coordinate com- 
mutator the first restriction we obtain reads 

2 ((p[(pi +/Vi^2) - <Pi<P2 + 1 = 0, (5) 

where tp'-y — dtpi/dfi. The other condition on tpi and 
ip2 arises after considering the realization (j4]) into the 
commutator [Mij , Xk] in ([3]) . Such second constraint can 
be written as 

(xi[Mij,pi]p k + [Mij , xi]pip k ) <P2=Q (6) 

and is immediate to verify that the argument in the 
brackets identically vanishes. Therefore, only one con- 
dition on tpi and tp 2 appears. As a matter of fact, given 
any function ifi(fM, v) satisfying the boundary condition 
ipi(0, 0) = 1, the function ^(a*, v) is uniquely determined 
by the equation ([5]) and reads tp 2 = (1 + 2tp' 1 tpi) / (tpi — 
2fj,tfi). In other words, there are infinitely many ways to 
express, via tpi, the non-commutative coordinates ([1]) in 
terms of the ordinary ones without deforming either the 
rotation and the translation groups. 

It is worth noting that: (i) The realizations ^ have 
sense if there exist the inverse transformation Xi — 
Xj(tp~ 1 )ji and the necessary and sufficient condition is 
det \Sijipi + npiPjifi2\ > 0. If we deal with a n > 2 dimen- 
sional space, such a condition reads + ^2) > 0, 
i.e. ipi > and tpi + \np2 > 0. (ii) Our analysis can 
be straightforward generalized to a Snyder Minkowskian 
space-time. In this case, all the relations above hold as 



soon as the following replacements are taken into account 
({a, /?} £ {0, ...,n}): the SO(n) generators are substi- 
tuted by the Lorentz generators L a p and (x a ,p a ) now 
transform as four-vectors under Lorentz algebra which 
indices are raised and lowered by the Minkowski metric 
ri a p, i.e p 2 = r\ a ^p a Pfi is Lorentz invariant. 

Uncertainty relations. In order to complete the analy- 
sis of the deformed algebra we need to analyze the (x—p) 
commutation relation. This way, the general form of the 
uncertainty principle, and thus the physical consequences 
of the model, can be discussed. The commutator between 
Xi and pj arises from the realization Q and reads 

[xi,pj] = i (Sijipi + KpiPjip 2 ) ■ (7) 

Of course, the ordinary one is recovered in the k — > 
limit. From the commutator above we can immediately 
obtain the generalized uncertainty principle underlying 
the Snyder non-commutative space, i.e. 

AxiApj > -\Sij{(pi) + K{piPj(p2)\- (8) 

Three remarks are in order, (i) The algebra we obtain can 
be regarded as a deformed Heisenberg algebra. More pre- 
cisely, the deformation of the only commutator between 
the spatial coordinates as in (TTJ) leads to infinitely many 
realizations of the algebra, and thus generalized uncer- 
tainty relations all consistent with the assumptions 
underlying the model, (ii) Unless if 2 = no compati- 
ble observables exist. These are coupled with each other 
and an exactly simultaneous measurable couple (xi,Pj) 
is not longer allowed. A measure of the «-component of 
the (non-commutative) position will always affect a mea- 
sure of the j(y^ z)-component of the momentum by an 
uncertainty Apj > \K{piPjip 2 )\/ Ait- (in) For any fixed 
tpi the non-commutative framework is unique, but we can 
realize the commutator ([7]) in terms of any commutative 
coordinates x[ and corresponding canonical momenta p\ 
satisfying [x'i,p'j] — iSij. Of course all these descriptions 
lead to the same physical consequences. 

Hermiticity conditions. The non-commutative coordi- 
nates ii have to be hermitian operators in any given re- 
alization. All the commutators given above are invariant 
under the formal anti-linear involution "f" 

x\=Xi, p\=Pi, = -Mij, (9) 

where the order of elements is inverted under the involu- 
tion. However, the realization ((4|) in general is not her- 
mitian. The hermiticity condition can be immediately 
implemented as soon as the expression 




(10) 

is taken into account. However, the physical result do 
not depend on the choice of the representation as long as 
exist a smooth limit — > 0. Therefore, we can 
restrict our attention to non-hermitian realization only. 
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Recovering the know realizations. The non-commuta- 
tive Snyder space has been analyzed in literature from 
different points of view [1, 0, || (see also [l3[), but only 
two particular realizations of its algebra are known: the 
Snyder Q and the Maggiore [l4| ones. The original re- 
alization of Snyder, in particular, expressed through the 
commutator between x and p, reads 

[i£i,Pj] = i (Sij + npiPj) ■ (11) 

It is not difficult to see that this is a particular case of our 
realization (g| as soon as (fi = 1. From this condition, 
the function if2 is fixed by ([5]) as if2 = 1 and the above 
commutation relation is recovered. The condition on the 
inverse mapping implies that p 2 > —1/k. On the other 
hand, the Maggiore algebra 

[£i,Pj] = idijy/l - k(p 2 + TO 2 ), (12) 

can be regarded as the particular case of ((U) when the 
condition if2 = is taken into account. But this re- 
quirement alone is not enough. In fact, from the con- 
straint ([5]) , the function (p\ is not uniquely fixed but reads 
(pi = y/l — fi + f{v), where f(v) is a generic function of 
v (the inverse mapping condition entails p 2 < (1 + /) / k) . 
Only in the specific case f(y) = —v the commutator (fT2|) 
is recovered. Finally, we note that, the deformed alge- 
bra proposed by Kempf et al. in [jJ5| can be regarded 
as a particular case of (fT2|) as \\x\ <C 1 and m = 0, i.e. 

= io~ij(l + (3p 2 ) where (3 — —k/2 with n < 0. In 
the one-dimensional framework (see below), this algebra 
is the same of the Snyder one (fTT) . 

III. PHYSICAL IMPLICATIONS 

As understood, the physical consequences of a non- 
commutative space geometry are deeply and completely 
new scenarios are opened at both classical and quantum 
levels. Two physically relevant frameworks are analyzed 
in this Section: a generic mechanical system and the so- 
called quantum cosmological arena. 

Mechanical system. Let us start by considering a 
mechanical system, i.e. a model with a finite num- 
ber of degrees of freedom described by a Hamiltonian 
H = H(x,p). At classical level the deformations in- 
duced on the system appear as soon as the (classical) 
limit •] — > {•, •} is taken into account. In doing this 
the deformation parameter k is regarded as an indepen- 
dent constant with respect to h. Modifications of a non- 
commutative framework on the classical dynamics are 
then summarized in the deformed Poisson brackets 

r _,^, fdFdG dFdG\ ( „ . OF dG „. 

{lj: < faWJ {xi > Pj}+ dx~M; {xi > x i } 

between any phase space functions. This symplectic 
structure is not fixed but depends on the two functions 
ipi and if2 constrained by ^ and y>i(0, 0) = 1. From the 



relation above, the equations of motion of a mechanical 
system are deformed as 

i ,_ rr , dH . . k dH 

Xi = {Xi,H\ = -jj— (Oijipi + KPiPj(p2) + ~~Q~~ Mi 3> 

OH 

Pi = {Pt,H} = {Sijipi + KpiPjip2) ■ (14) 

OXj 

When the deformation parameter vanishes (k — > 0) the 
ordinary Hamilton equations are recovered. At quan- 
tum level our picture implies either modifications of the 
Ehrenfest theorem through HH), either deformations of 
the canonical quantization prescription via the commu- 
tator [[7]). As we said, this commutator is not fixed 
at all by the assumptions described above and for any 
choice of the realization (fj| of the non-commutative co- 
ordinates, the corresponding Hubert spaces are thus uni- 
tarily inequivalent. Each quantum framework (Hilbert 
space) corresponds to a specific choice of the realization 
(HI). We also stress that given an eigenvalue problem 
H(x,p)ip(x) = Eip(x), the wave function tp and the spec- 
trum E depend on ip\. 

This is not surprising since the deformation of the 
canonical commutation relations can be viewed, from the 
realization ([3]), as an algebra homomorphism which is a 
non-canonical transformation. In particular, it can not 
be implemented at quantum level as an unitary transfor- 
mation. From this point of view, the set of predictions of 
any deformed Heisenberg algebra can not be matched by 
the set of predictions arising from another one, i.e. nei- 
ther by the set of prediction of the ordinary framework 
(the k — ► limit). New features are then introduced, for 
any fixed ipi, at both classical and quantum level. This 
way, a Snyder structure ([1]) in which the translation and 
rotation groups are undeformed, leads to infinitely many 
different physical predictions through ([%]). 

A notable problem to be considered is the harmonic 
oscillator with non-commutative quadratic potential, i.e. 
H = p 2 /2m + mu> 2 x 2 /2. In the one-dimensional case 
the symmetry group is trivial (SO(l) = Id) and the 
most general realization is given by x = x^/l — fi + f{v). 
Considering the representation of this algebra (we take 
/ = 0) in the momentum space, the deformed station- 
ary Schrodinger equation for this model is given by the 
so-called Mathieu equation and the energy spectrum ap- 
pears to be modified as E n — u(2n + l)/2 — Lon(2n 2 + 
2n + l)/8d 2 + 0(K 2 /d 4 ) where d = 1/ y/mu; is the charac- 
teristic length scale (for more details see [l6[ ). We note 
that, if k > this is the spectrum obtained in polymer 
(loop) quantum mechanics [13], while if K < this result 
resembles the one recovered in [Tsj ] . 

Quantum cosmology. An interesting quantum mechan- 
ical arena to test such a framework is the so-called min- 
isuperspace reduction of the dynamics, i.e. quantum 
cosmology. As well-know [l9j . by imposing symmetries 
on the spatial Cauchy surfaces which fill the space-time 
manifold, a considerable simplification on the gravita- 
tional theory occurs. In particular, by requiring the spa- 
tial homogeneity the phase space of general relativity 
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reduces to six dimensions. The system is described by 
three degrees of freedom, i.e. the three scalar factors of 
the Bianchi models. Furthermore, by imposing also the 
spatial isotropy, we deal with one-dimensional mechani- 
cal systems. These are the Friedmann-Robertson- Walker 
(FEW) models which describe the observed Universe and 
on which the standard model of cosmology is based. 

In order to discuss the implications of the Snyder 
algebra on the FRW Universes we consider the one- 
dimensional case of the scheme analyzed above. If we as- 
sume the minisuperspace as Snyder-deformed, then the 
isotropic scale factor a (namely the radius of the Uni- 
verse) and its conjugate momentum p satisfy the com- 
mutation relation [a,p] = iy/l — p + f{v). It is worth 
stressing that, when k > (taking / = 0) a natu- 
ral cut-off on the momentum arises, i.e. \p\ < \J\j n, 
while as n < the uncertainty relation ([8]) predicts 
a minimal observable length Ax m i n = More- 
over, at the first order in n, the string theory result 
Ax > (1/Ap + l 2 s Ap) : in which the string length l s can 
be identify with k/2, is recovered. 

Following [l6| is possible to show that the effective 
Friedmann equation of Snyder-deformed flat FRW cos- 
mological model becomes 

(§)'- ? r'( 1 -£ + ' M )- (15) 

where G is the gravitational constant, p — p(a) denotes 
a generic matter energy density and p c — (2itG/3k)pp 
is the critical energy density (pp being the Planck one). 
When the limit n — > is taken into account, the criti- 
cal energy density diverges (the function f(v) disappears) 
leading to the ordinary dynamics. It is worth noting that, 
if f{v) — and k > 0, the equation (fTS"]) resembles ex- 
actly the effective bouncing Friedmann equation of LQC 
@. Such a dynamics is singularity- free since, when p 
reaches the critical energy density, a vanishes and the 
Universe experiences a (big)-bounce instead of the clas- 



sical big-bang. On the other hand, if f(v) = and n < 0, 
the effective braneworlds dynamics is recovered [2l|. 

Summarizing, the non-commutative Snyder minisuper- 
space framework can clarify similarities and differences 
between different quantum gravity theories. Other com- 
parisons between deformed and loop-polymer quantum 
cosmology, in view of discussing the fate of the cosmo- 
logical singularity at quantum level, were performed con- 
sidering the flat FRW model filled with a massless scalar 
field [24] and the Taub cosmological model [23| . Such in- 
vestigations deserve interest either in clarifying the role 
of loop quantization techniques in cosmology, either in es- 
tablishing a phcnomcnological contact with some frame- 
works relevant in a flat space-time limit of quantum grav- 
ity. 

IV. CONCLUDING REMARKS 

In this paper we have shown how there are infinitely 
many realizations of the Snyder algebra, equations {1} 
[3]), implying different commutation relations between the 
non-commutative coordinates x and momenta p, i.e. we 
deal with deformed Heisenberg algebras. These depend 
on an arbitrary function ipi(p,u) such that </>i(0, 0) = 1 
ensuring the correctness of the picture. Therefore, differ- 
ent non-commutative spaces, described by distinct com- 
mutations relations |7jl . imply different (unitarily in- 
equivalent) physical consequences. On the other hand, 
in the one-dimensional case the commutator between x 
and p is fixed (up to a function of the mass-like term) and, 
when implemented in the minisuperspace dynamics, the 
loop as well as the braneworlds cosmological evolutions 
are recovered. 
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